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Introduction

The modern description of the strong interaction of quarks is quantum
chromodynamics (QCD). This is a gauge theory with a SU(3)c gauge group. The
strong force is mediated by gauge bosons known as gluons. This gauge
symmetry is exact, and the gluons are massless.

There are totally six types, a.k.a. flavors of quarks.

In QCD, each flavor of quark comes in three
"copies" of different colour. It is conventional to call
these colours red, green and blue, even though
they have nothing to do with actual colours. For a
flavour f , we can write these as qred

f , qgreen
f and

qblue
f . We can put these into an triplet:

qf =


qred

f

qgreen
f

qblue
f
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Introduction

The nucleon-nucleon (NN)
interaction is a residual interaction
of strong interaction described by
the QCD.

The QCD lagrangian density:

LQCD = −
1
4

Ga
µνGµνa +

6∑
f =1

q̄i
f

(
iγµDij

µ −mf δij

)
qj

f

with
Ga
µν ≡ ∂µAa

ν − ∂νAa
µ + g0fabcAb

µAc
ν

Dµ ≡ ∂µ − igAa
µTa

where Aa
ν are the gluon fields (a = 1, . . . , 8); qi

f is the quark field with the color index
(i = 1, 2, 3) and flavor index (f ) ; Ta = λa/2 are color SU(3) generators (c.f. Appendix).
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Introduction

The QCD is non-perturbative at low-energy region (αs = g2/4π increases with the
decrease of energy).

The NN interaction is phenomenologically described in terms of exchange bosons
(π, σ, ω, ρ, · · · )

J. M. Yao SPA/SYSU Nuclear Theory 7 / 44



Introduction General properties Functional form Interactions from NN scattering Effective interactions Summary Appendix

General properties

J. M. Yao SPA/SYSU Nuclear Theory 8 / 44



Introduction General properties Functional form Interactions from NN scattering Effective interactions Summary Appendix

General properties

The general form of NN interaction,〈
r′1s′1t ′1r′2s′2t ′2|V̂ |r1s1t1r2s2t2

〉
where si = ±1/2 and ti = ±1/2 are spin and isospin projections. The bras and kets
span the product spaces of the coordinate wave functions and the spin and isospin
vector, so this is a sufficient basis (since it is complete). Suppressing spin and isospin
for the moment, the action of V̂ on the coordinate basis is

V̂ |r1r2〉 =

∫
V
(
r′1, r
′
2, r1, r2

) ∣∣r′1r′2
〉

d3r ′1d3r ′2

The familiar local potential corresponds to the special form

V
(
r′1, r
′
2, r1, r2

)
= V (r1, r2) δ

(
r1 − r′1

)
δ
(
r2 − r′2

)
=⇒ V̂ |r1r2〉 = V (r1, r2) |r1r2〉
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General properties

Taylor expansion of the general potential∣∣r′1r′2
〉

= |r1r2〉+
[(

r′1 − r1
)
·∇1 +

(
r′2 − r2

)
·∇2

]
|r1r2〉+ · · ·

=: exp
{(

r′1 − r1
)
·∇1 +

(
r′2 − r2

)
·∇2

]}
: |r1r2〉

where the "normal-ordering" notation : Ô : means here that the derivatives be
moved to act only to the right of the coordinates (and not on the coordinates).

V̂ |r1r2〉 =

∫
V
(
r′1, r
′
2, r1, r2

)
exp

{
i
~
(
r′1 − r1

)
· p1 +

i
~
(
r′2 − r2

)
· p2

}
|r1r2〉 d3r ′1d3r ′2

= Ṽ (r1, r2,p1,p2) |r1r2〉

The above general NN potential should preserve some symmetries.
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General properties

Considering the NN potential depending on the positions, momenta, spins, and isospins
of the two nucleons concerned:

V (1, 2) = v (r1, r2,p1,p2, σ̂1, σ̂2, τ̂ 1, τ̂ 2)

Translational invariance: the dependence on the positions r1 and r2 should only
be through the relative distance r = r1 − r2.

Galilei invariance: the interaction potential should be independent of any
transformation to another inertial frame of reference. This demands that the
interaction should depend only on the relative momentum p = p1 − p2.

Rotational invariance: all terms in the potential should be constructed to have a
total angular momentum of zero.
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General properties

Isospin invariance: the only terms that are scalar under rotation in isospin space
are those containing: no isospin dependence, the scalar product τ̂1 · τ̂2, or powers
thereof.
With the properties of Pauli matrices,[

τ̂i , τ̂j
]

= 2i
∑

k

εijk τ̂k ,
{
τ̂i , τ̂j

}
= 2δij , τ̂i τ̂j = δij + iεijk τ̂i

one finds all powers of τ̂1 · τ̂2 can be reduced to the first-order product,

(τ̂1 · τ̂2)2 =
∑

ij

τ̂1,i τ̂2,i τ̂1,j τ̂2,j = 3− 2
∑

k

τ̂1,k τ̂2,k = 3− 2τ̂1 · τ̂2

Parity invariance: the requirement for the potential is

V (r ,p, σ̂1, σ̂2, τ 1, τ 2) = V (−r ,−p, σ̂1, σ̂2, τ 1, τ 2)

containing an even power of r and p together.
Time reversal invariance: it requires

V (r ,p, σ̂1, σ̂2, τ 1, τ 2) = V (r ,−p,−σ̂1,−σ̂2, τ 1, τ 2)

so that an even number of p s and σ̂s combined are allowed in each term.
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Functional form
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Functional form

The above constraints lead to

VNN = V1 (r,p,σ1,σ2) + Vτ (r,p,σ1,σ2) τ 1 · τ 2

central parts:
V1(r,p) + Vσ(r,p)σ1 · σ2

vector parts (spin-orbit interaction):

VLS(r,p)L · S,

where L · S = −i~(r× p) · (σ1 + σ2).

tensor parts:
VT (r,p)S12 (̂r)

with tensor operator in coordinate space

S12 (̂r) ≡
[

3
(r · σ̂1) (r · σ̂2)

r2
− σ̂1 · σ̂2

]
= 3(r̂ · σ̂1)(r̂ · σ̂2)− σ̂1 · σ̂2

where r̂ = r/|r |.
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Functional form

The tensor force was found to be necessary to explain the properties of the
deuteron. It contains the term (r · σ̂1) (r · σ̂2), but in such a combination that the
average over the angles vanishes. The full expression is

S12 =

[
v0(r) + v1(r)τ̂1 · τ̂2

]
Sr

12
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Functional form

The full operator form in the center-of-mass frame:

in coordinate space:{
1spin,σ1 · σ2, S12 (̂r), S12(p̂),L · S, (L · S)2

}
×
{

1isospin, τ 1 · τ 2
}

times scalar operator-like functions of r2, p2, and L2 (rather than
r · p).

In momentum space:{
1spin,σ1 · σ2, S12(q̂), S12(k̂), iS · (q× k),σ1 · (q× k)σ2 · (q× k)

}
×
{

1isospin, τ 1 · τ 2
}

here q ≡ p′ − p and k ≡ (p′ + p) /2, times scalar functions of
p2 · p2· and p · p′.
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Functional form

The NN potential takes the general form

v = v0(r) + vσ(r)σ̂1 · σ̂2 + vτ (r)τ̂1 · τ̂2 + vστ (σ̂1 · σ̂2) (τ̂ 1 · τ̂ 2)

or in the traditional formulation using exchange operators P̂:

v = vW(r) + vMP̂r + vBP̂σ + vHP̂r P̂σ

The indices stand for Wigner, Majorana, Bartlett, and Heisenberg.

The spin exchange operator P̂τ :

P̂σ =
1
2

(1 + σ̂1 · σ̂2) =

 −1 for the singlet

+1 for the triplet

Note that P̂r P̂σP̂τ = −1.
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Functional form

The isospin projection operator P̂T :

τ̂ 1 · τ̂ 2 = 4t̂1 · t̂2 = 2
[(

t̂1 + t̂2

)2
− t̂2

1 − t̂2
2

]

= 2
[

T (T + 1)−
3
4
−

3
4

]
=

 −3 for the singlet

+1 for the triplet

This result allows the construction of projection operators onto the singlet or
triplet, respectively, which are simply such linear combinations that they yield zero
when applied to one of the two states and 1 when applied to the other:

P̂T =0 =
1
4

(1− τ̂1 · τ̂2) , P̂T =1 =
1
4

(3 + τ̂1 · τ̂2)
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Functional form

Two-nucleon states: singlet and triplet

|SSz ; TTz〉 =
∑
sz ,tz

CG|1/2, sz ; 1/2, tz〉1 ⊗ |1/2, sz ; 1/2, tz〉2
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Interactions from NN scattering
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Phenomenological nuclear forces

Phenomenological nuclear forces

Some basic features

the interaction has a short range of about 1fm,

within this range, it is attractive with a depth of about 40MeV for the larger
distances,

there is strong repulsion at shorter distances ≤ 0.5fm,

it depends both on spin and isospin of the two nucleons.
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

The Lagrangian density for the axial-vector type coupling of nucleon and pion fields

LAV = −
gA

2fπ
Ψ̄γµγ5τΨ · ∂µπ

In the heavy baryon formalism (non-relativistic approximation), the AV Lagrangian be-
comes

L̂AV = −
gA

2fπ
N̄τ · (~σ · ~∇)πN

The corresponding vertex in momentum space is

−
gA

2fπ
τa~σ · ~q = −

gπNN

2MN
τa~σ · ~q

with fπ = gAMN/gπNN = 92.4 MeV. The average nucleon mass MN = 938.918 MeV,
gA = 1.29 and gπNN/2π = 13.67, mπ the pion mass, and q the momentum transfer.
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

The NN interaction in momentum space

V1π(q) = −
g2
πNN

4M2
N

(σ1 · q) (σ2 · q)

m2
π + q2

(τ̂ 1 · τ̂ 2)

= −
g2

A
4f 2
π

(σ1 · q) (σ2 · q)

m2
π + q2

(τ̂ 1 · τ̂ 2)

= −
g2

A
4f 2
π

(τ̂ 1 · τ̂ 2)
1

m2
π + q2

(
σ1 · σ2 + Sq

12

)
q2/3

where the tensor operator in momentum space

Sq
12 ≡ 3

(σ1 · q) (σ2 · q)

q2
− σ1 · σ2.
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

The NN interaction in the 1S0 channel (nn or pp):
Total spin S = 0 and σ1 · σ2 = −3, orbital angular momentum L = 0, total isospin
T = 1 and τ̂ 1 · τ̂ 2 = 1. The tensor operator does not contribute to this channel,
and the NN potential becomes,

1S0 V1π(q) =
g2

A
4f 2
π

q2

m2
π + q2

=
g2

A
4f 2
π

(
1−

m2
π

m2
π + q2

)
,

which is shown to be repulsive.

The NN interaction in the 3S1 channel (np):
Total spin S = 1 and σ1 · σ2 = 1, orbital angular momentum L = 0, total isospin
T = 1 and τ̂ 1 · τ̂ 2 = −3. The NN potential becomes,

3S1 V1π(q) =
g2

A
4f 2
π

q2

m2
π + q2

(
1 + Sq

12

)
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

The NN interaction in coordinate space is given by the Fourier transformation of
the interaction in momentum space

V1π (r1 − r2, σ̂1, σ̂2, τ̂ 1, τ̂ 2)

=

∫
d3qeiq·(r1−r2)V1π(q)

= −
g2

A
4f 2
π

∫
d3qeiq·(r1−r2) (σ1 · q) (σ2 · q)

m2
π + q2

(τ̂ 1 · τ̂ 2)

= −
g2

A
4f 2
π

(σ̂1 · ∇1) (σ̂2 · ∇2)

∫
d3q

eiq·(r1−r2)

m2
π + q2

(τ̂ 1 · τ̂ 2)

= −
g2

A
4f 2
π

(τ̂ 1 · τ̂ 2) (σ̂1 · ∇1) (σ̂2 · ∇2)
1

4π
yπ(r),

where the function Yπ(r) is defined as

yπ(r) =
e−mπ r

r
, r = r1 − r2
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

With the relation, (
−∇2 + m2

π

)
yπ(r) = 4πδ(r)

and rewriting

(σ1 · ∇) (σ2 · ∇) yπ(r)

=

[
(σ1 ·∇) (σ2 ·∇)−

1
3

(σ1 · σ2)∇2
]

yπ(r) +
1
3

(σ1 · σ2)∇2yπ(r)

[
(σ1 ·∇) (σ2 ·∇)−

1
3

(σ1 · σ2)∇2
]

yπ(r)

=

[
(σ1 · r̂) (σ2 · r̂)−

1
3

(σ1 · σ2)

]
×
(

m2
π +

3mπ
r

+
3
r2

)
yπ(r)

=
m2
π

3

(
1 +

3
mπr

+
3

m2
πr2

)
yπ(r)Sr

12
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

one finds the expression for the NN interaction in coordinate space

V1π (r , σ̂1, σ̂2, τ̂ 1, τ̂ 2)

= −
1
3

m2
π

4π
g2

A
4f 2
π

(τ 1 · τ 2)

[
Tπ(r)Sr

12 +

(
yπ(r)−

4π
m2
π

δ(r)

)
(σ1 · σ2)

]
=

1
3

g2
A

4f 2
π

(σ1 · σ2) (τ 1 · τ 2) δ(r)

−
1
3

g2
A

4f 2
π

m3
π

4π
(τ 1 · τ 2)

[
Yπ(r) (σ1 · σ2) + Tπ(r)Sr

12
]

with

Yπ(r) =
e−mπ r

mπr
= yπ(r)/mπ

and

Tπ(r) =

(
1 +

3
mπr

+
3

m2
πr2

)
Yπ(r)

It is shown above that the V1π potential is composed of one repulsive contact term and
one long-range attractive term.
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-pion-exchange potential

Vσ1π(r) ≡ −
1
3

g2
A

4f 2
π

m3
π

4π
e−mπ r

mπr
.
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Phenomenological nuclear forces

Phenomenological nuclear forces: one-boson-exchange potential

The V1π potential shows some, but not all, features of a realistic NN interaction:
it contains spin- and isospin-dependent parts as well as a tensor potential,
the dominant radial dependence is of Yukawa type.

Other properties, however, show that it is not sufficient:
there is no spin-orbit coupling and
there is no short-range repulsion.

one-boson-exchange potential: R. Machleidt, Phys.Rev. C63 (2001) 024001

the intermediate attractive is described by the exchange of the scalar meson σ.

the short-range repulsion is described by the exchange of the vector meson ω.

the isospin-dependence is described by the exchange of ρ.
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Nuclear forces from chiral EFT

Nuclear forces from chiral EFT

What can we learn from the well-known Coulomb potential?
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Nuclear forces from chiral EFT

Nuclear forces from chiral EFT

1

|~R −~r |
=

4π
R

∑
L=0

1
2L + 1

(r/R)L
∑

M

Y∗LM (Ωr )YLM (ΩR)

Identify the relevant degree-of-freedom: r , R

A quantity much smaller than 1: r/R << 1

order-by-order convergence: (r/R)L

The LO (L = 0) term:

V LO(R) =

∫
d3rρ(~r)

4π
R

Y00(Ωr )Y∗00(ΩR) =
1
R

∫
d3rρ(~r)

The NLO (L = 1) term:

V NLO(R) =

∫
d3rρ(~r)

4π
R

1∑
M=−1

1
3

(r/R)Y∗1M (Ωr )Y1M (ΩR) =
1

R3

∫
d3rρ(~r)~r · ~R
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Nuclear forces from chiral EFT

Nuclear forces from chiral EFT

The NNLO (L = 2) term:

V N2LO(R) =

∫
d3rρ(~r)

4π
R

2∑
M=−2

1
5

(r/R)2Y∗2M (Ωr )Y2M (ΩR)

=
1

R5

1
5

2∑
M=−2

~R2Y2M (ΩR)

∫
d3rρ(~r)~r2Y∗2M (Ωr )

Put them together,
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Nuclear forces from chiral EFT

Nuclear forces from chiral EFT

For the NN interaction

Identify the relevant degree-of-freedom: Q,mπ , Λχ

A quantity much smaller than 1: (Q,mπ)/Λχ ≈ 0.14 << 1, where Q is the kinetic
energy of nucleons, Λχ ∼ 1 GeV – chiral symmetry breaking scale.
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Nuclear forces from chiral EFT

Nuclear forces from chiral EFT
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Effective interactions
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Nuclear effective interactions

The realistic NN interaction (in free space) has a “hard" core (large repulsive at the
short distance).

The convergence of many-body approaches using the realistic NN interaction is
very slow.

The NN interaction in atomic nuclei is modified by many-body correlations and
thus an effective NN interaction is more suitable for nuclear structure calculations.

The most popular effective interactions

The Skyrme force

The Gogny force

The effective Lagrangian of relativistic mean-field (RMF) theory
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Nuclear effective interactions: The Skyrme force

The most used effective interaction in the Hartree-Fock (HF) calculation is the Skyrme
force:

V̂ =
∑
i<j

v̂ (2)
ij +

∑
i<j<k

v̂ (3)
ijk

The two-body interaction contains momentum dependence as well as spin-exchange
contributions and a spin-orbit force:

v̂ (2)
ij =t0

(
1 + x0P̂σ

)
δ
(
ri − rj

)
+

1
2

t1
(
δ
(
r i − r j

)
k̂2 + k̂ ′2δ

(
r i − r j

))
t2k̂
′ · δ

(
r i − r j

)
k̂

+ iW0
(
σ̂i + σ̂j

)
· k̂ ′ × δ

(
r i − r j

)
k̂

Here, instead of the operator of relative momentum the related expressions

k̂ =
1
2i
(
∇i −∇j

)
, k̂

′
= −

1
2i
(
∇i −∇j

)
are used with the additional convention that k̂ ′ acts on the wave function to its left. The
three-body interaction is a purely local potential

v̂ (3)
ijk = t3δ

(
ri − rj

)
δ
(
rj − rk

)
The Skyrme forces contain six parameters t0, t1, t2, t3, x0, and W0, which are fitted to
reproduce properties of finite nuclei within a Hartree-Fock calculation.
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Nuclear effective interactions: The Gogny force

The finite-range Gogny force

VNN,12 =
2∑

i=1

e−(~r1−~r2)2
/µ2

i (Wi + Bi Pσ − Hi Pτ −Mi PσPτ )

+ t3δ
(−→r1 −~r2

)
(1 + x0Pσ)

[
ρ

(
~r1 +~r2

2

)]α
+ iW0δ

(
~r1 −~r2

)
(~σ1 + ~σ2) · ~k ′ × ~k

where Pσ = 1
2 (1 + ~σ1 · ~σ2) and Pτ = 1

2 (1 + ~τ1 · ~τ2) are the spin- and isospin-exchange
operators.

Table: The D1S parameters for the Gogny force [J. Berger, M. Girod, and D. Gogny, Comp. Phys. Comm. 63, 365
(1991)]

µi (fm) Wi (MeV) Bi (MeV) Hi (MeV) Mi (MeV) W0(MeV) t3(MeV) x0 α

i = 1 0.7 −1720.30 1300.00 −1813.53 1397.60

i = 2 1.2 103.64 −163.48 162.81 −223.93 130 1390.60 1 1/3
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Nuclear effective interactions: The RMF theory

The Lagrangian density of the RMF theory:

L =ψ̄

[
iγµ∂µ −M − gσσ − gωγµωµ − gργµ~τ · ~ρµ − eγµAµ

1− τ3

2

]
ψ

+
1
2
∂µσ∂

µσ −
1
2

m2
σσ

2 −
1
3

g2σ
3 −

1
4

g3σ
4

−
1
4

ΩµνΩµν +
1
2

m2
ωωµω

µ +
1
4

c3 (ωµω
µ)2

−
1
4
~Rµν~Rµν +

1
2

m2
ρ~ρµ · ~ρµ

−
1
4

FµνFµν

in which the field tensors for the vector mesons and the photon are respectively defined
as, 

Ωµν = ∂µων − ∂νωµ
~Rµν = ∂µ~ρν − ∂ν~ρµ
Fµν = ∂µAν − ∂νAµ
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The NN interaction: an essential ingredient of nuclear theory

J. M. Yao SPA/SYSU Nuclear Theory 41 / 44



Introduction General properties Functional form Interactions from NN scattering Effective interactions Summary Appendix

Appendix

J. M. Yao SPA/SYSU Nuclear Theory 42 / 44



Introduction General properties Functional form Interactions from NN scattering Effective interactions Summary Appendix

The Gell-Mann matrices

A set of eight linearly independent 3×3 traceless Hermitian matrices used in the study
of the strong interaction in particle physics. They span the Lie algebra of the SU(3)
group in the defining representation.

λ1 =


0 1 0

1 0 0

0 0 0

 λ2 =


0 −i 0

i 0 0

0 0 0

 λ3 =


1 0 0

0 −1 0

0 0 0



λ4 =


0 0 1

0 0 0

1 0 0

 λ5 =


0 0 −i

0 0 0

i 0 0



λ6 =


0 0 0

0 0 1

0 1 0

 λ7 =


0 0 0

0 0 −i

0 i 0

 λ8 = 1√
3


1 0 0

0 1 0

0 0 −2
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The gluons

The "eight types" or "eight colors" of gluons:

(r b̄ + br̄)/
√

2 −i(r b̄ − br̄)/
√

2

(r ḡ + gr̄)/
√

2 −i(r ḡ − gr̄)/
√

2

(bḡ + gb̄)/
√

2 −i(bḡ − gb̄)/
√

2

(r r̄ − bb̄)/
√

2 (r r̄ + bb̄ − 2gḡ)/
√

6
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